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Model parameter choice and dimensions 
Here we present a table of the symbols, their interpretation, units, values, and sources as used in 
the model (Table 1). Below, we present the results of a detailed bifurcation analysis of the 
dimensionless model.  
Table A1: Symbols, interpretation, units, values, and sources used in the decreased losses 
feedback (DLF) model and sediment accumulation feedback (SAF) models 
Symbol Interpretation Unit Value Source 
DLF model     
 Half saturation constant of mussel mortality g/m
2
 150 [8] 
SAF model     
 Exchange coefficient between surface and 
bottom  
1/h 100 Estimated 




 1.5 [2] 
 Maximum depletion coefficient m
3
/g/h 1.0 [6; 5] 
2 
 
 Half-saturation constant of sediment — 20.0 Estimated 
 Velocity of tidal flow m/h 360.0 [1] 
 Conversion constant of ingested algae to 
mussel production 
g/g 0.02 [7; 3] 
 Maximal mortality rate per unit time g/h 0.005 Estimated 
 Diffusion coefficient of mussels  m
2
/h 0.0005 Estimated 
 Production of mud per capital mussels m/g/h 0.0001 [3] 
 Erosion rate of sediment  m/h 0.005 [10] 
 Diffusion coefficient of sediment m
2
/h 0.0005 [4] 
 Uptake contrast between flat mussel and 
hummock 
— 0.1 Estimated 
 
Analyses of the sediment accumulation model 
Dimensionless forms and scaling 
Our model is based on the following reaction-diffusion partial differential equations: 
 (A1) 
  (A2) 
 
.  (A3) 
The model can greatly be simplified by the following non-dimensionalisation  
          ,  ,  , 
,  ,   .  (A4) 
Then, we can obtain the dimensionless equations:  
  (A5) 
  (A6) 
3 
 
,  (A7) 
where , , , , , , and . 
In applications, the main dimensional parameters of interest are the algae supply , mussel loss 
, advection of tidal flow , and sediment deposition ; note that mussel loss will vary 
depending on the extent of grazing and aggregation of mussels. These four parameter appear in 
the dimensionless quantities ,  and , respectively. Therefore, we can study the dimensionless 
equation (A5)—(A7), focusing on the conditions for patterning and the way in which the patterns 
vary with these three parameters. Derivation of parameter ranges based on Table 
yields , , , 
,  and . To accelerate the simulations, 
we have multiplied parameters D, V, and theta (please fill in the correct symbols) by a factor 
1000. Numerical analysis revealed that this does not alter the relative predictions of the model. 
Parameter values in dimensionless equation (A5) — (A7) are , , ,with  
as a resource source, allowed to vary. 
Steady-state solution and properties of the pattern solutions  
The system (A5-A7) has three uniform solutions, one with trivial mussel and sediment: 
 , (A8) 
and two nontrivial spatially homogeneous steady states arising from a saddle node bifurcation. 
They are solutions of the system  
 , (A9) 
where ,  here  is a function of parameter . These three uniform 
solutions, however, exist only for a certain range of values, ; in this range, both states 
 and  are stable, defining a bistability region, as shown in Figure 4B.  
From an ecological point of view, a key issue is how ecosystem functioning depends on 
parameters values. Van de Koppel et al [8] studied this question in detail by assuming that the 
mussel patterns are controlled by the concentration of algae in the upper water layer Aup. The 
pattern solutions can be analyzed using the method of periodic travelling wave solutions [9]. 
However, determination of periodic traveling wave stability, even numerically, is a notoriously 
difficult problem. In this section, we investigate numerically the existence and stability of 
patterns with the approach of discretising the PDEs (A1)—(A3) in space.  Our approach is to use 
the bifurcation package AUTO-07p to study the pattern PDEs (A1)—(A3). To do this, the most 
natural bifurcation parameter is the algae concentration, . The results of Figure 4 give a 
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detailed understanding of the existence of patterned solutions, as a function of the model 




 . For simplicity, we assume periodic boundary conditions , 
, . We studied system (A10)—(A12) using the bifurcation 
AUTO07p, with the objective of determining the bifurcation diagrams such as those shown in 
Fig.S1, but with additional information about different branches and pattern stability. 
For any discretization that is sufficiently fine to be of practical use, (A10)—(A12) are a large 
system of equations, and studying patterned solutions using AUTO-07p is a major computational 
challenge. Therefore, we have focused on pattern variation with just one of the four parameters, 
the algae concentration , with the values of ,  and  fixed as listed in Table A1, 
respectively. We used , which gives 150 equations in Eqs.(A10)—(A12), with a spatial 
grid length . This gives a discrete representation of the model equations on a domain of 
length 150, which is large enough to capture a range of pattern behavior. 
For sufficiently large values of , there are no patterned solutions, and the homogeneous 
steady state ,  and    is stable as a solution of (A10)—(A12).  
As  decreased, the steady state becomes unstable via a Hopf bifurcation at  (Figure 
S1A). The branch of periodic solutions emanating from this Hopf bifurcation is spatially as well 
as temporally periodic, with a wavelength of 10 space points. As  is decreased further, the 
homogeneous steady state undergoes a series of additional Hopf bifurcations. At each of these, a 
branch of periodic solutions emanates, corresponding to a pattern of a particular spatial mode, as 
shown in Figure S1. Here, we show the amplitude of the homogeneous steady state from which 
the spatial pattern branches bifurcate. In brief, we use the measurement of 
 to plot the bifurcation graph. The solution branches 
with different spatial modes arise via separate Hopf bifurcations (Figure S1). 
Following the same method, we can obtain the spatial solution and bifurcation on reduced losses 




Figure S1: Bifurcation diagram of patterned solutions on the discretised model equations. Solid 
lines correspond to stable patterned solutions and dashed lines correspond to unstable solutions. 
Typical spatial profiles of the solutions on the discretized version PDEs related to various 
branches. (A) and (B) showing results of spatial bifurcation and pattered solutions on sediment 
accumulation model. (C) and (D) showing the results of spatial bifurcation and pattered solutions 
on reduced losses model. 
Relative accumulation model 
The model presented in the main text assumes a direct relation between absolute sediment 
accumulation (e.g., elevation) and mussel uptake and growth. It is well conceivable that not 
absolute elevation, but rather the elevation relative to the surrounding sediment determines the 
increase in uptake and growth of the mussels. In this case, an increase in sediment accumulation 
over an homogeneous bed would not affect mussel growth. To check robustness of our results in 
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an alternate formulation of the effects of sediment accumulation, we have constructed a model 
where we replace  with  in the feedback function, , where  denotes 
the average accumulation of sediment over the entire mussel habitat . The parameters are the 
same as previous studies, apart from the half-saturation constant of sediment, . Figure 
S2C shows that very similar patterns are found as in the two models described in the main text. 
We then performed a bifurcation analysis as was described above for the absolute sediment 
accumulation model. The results of this are presented in figure S2 below. The bifurcation 
analysis reveals the relative accumulation model reveals that no bi-stable behavior is found in the 
relative sedimentation model, but that the bifurcation patterns with regard to pattern formation is 
very similar. Moreover, similar results are found with respect to the emergent properties of 
pattern formation on average biomass and recovery time after 10% perturbation as shown in 
Fig.S2. 
 
Fig.S2: Results of the relative sediment accumulation model. Panel A present a bifurcation 
analyses with respect to parameter Aup, panel B presents recovery time after a 10% decrease in 
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biomass (B), and panel C present an example of a spatial pattern (Aup=1.2, see table A1 for other 
parameters). 
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1 The effect of the perturbation intensity on critical slow-
ing down
In order to detect the effect of the intensity of the perturbation on the phenomenon of critical
slowing down (see main text for a definition), we have checked three different perturbations under
the same condition, by reducing biomass by 50% and 10%, respectively. They exhibit qualitatively
similar result. The typical results of 50% and 10% reduction of biomass are shown in Fig.S1 and in
Fig.4 in the main text. For the spatial patterned states, there is a striking absence of the critical
slowing down in the reduced losses feedback model. Thus, critical slowing down depends critically
on the involved mechanism explaining the observed spatial patterns, and it cannot be concluded
without thorough experimental testing of the mechanisms underlying the observed patterns that
critical slowing down is a universal phenomenon.
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Figure S3. Recovery times following perturbation of the two alternate mechanistic models of pattern formation,
using a 50% reduction in biomass for both reduced losses model (A) and sediment accumulation model (B).
The parameters are the same as the Fig.5 in the main text.
